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Abstract. Assume that M is a compact n-dimcnsional manifold and that 
N is obtained by surgery along a fc-dimensional sphere, k < n — 3. The 
smooth Yamabe invariants a(M) and ar(N) satisfy <r(N) > min(cr(M),A) 
for a constant A > depending only on n and k. We derive explicit lower 
bounds for A in dimensions where previous methods failed, namely for (n, k) £ 
{(4, 1), (5, 1), (5, 2), (6, 3), (9, 1), (10, 1)}. With methods from surgery theory 
and bordism theory several gap phenomena for smooth Yamabe invariants can 
be deduced. 
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1. Introduction and Results 

Let (M,g) be a Ricmannian manifold of dimension n > 3. Its scalar curvature will 
be denoted by s 9 . We define the Yamabe functional by 



T 9 (u) 



J M (a n \du\ 2 g + s 9 u 2 ) dv 9 



(Im \ u \ Pn dv9 ) P " 

where u <= C^°(M) does not vanish identically, and where a n := 4< ^Zp anc ^ Pn -~ 
—^2- The conformed Yamabe constant /u,(M 7 g) of (M 7 g) is then defined by 

u(M,g):= inf T 9 (u). 

This functional played a crucial role in the solution of the Yamabe problem which 
consists in finding a metric of constant scalar curvature in a given conformal class. 
For a compact manifold M the Yamabe invariant is defined by 

<t(M) := sup n(M,g), 

where the supremum runs over all the metrics on M, or equivalently over all con- 
formal classes on M . In order to stress that the Yamabe invariant only depends on 
the diffcrcntiablc structure of M, it is often called the "smooth Yamabe invariant 
of M" . One motivation for studying such an invariant is given by the following 
well-known result 

Proposition 1.1. A compact differentiate manifold of dimension n > 3 admits a 
metric with positive scalar curvature if and only if cr(M) > 0. 

Note that all manifolds in this article arc manifolds without boundary. 

We recall that classification of all compact manifolds of dimension n > 3 admitting 

a positive scalar curvature metric is a challenging open problem solved only in 

dimension 3 by using Hamilton's Ricci flow and Perelman's methods. This is one 

reason why much work has been devoted to the study of a(M). 

One of the first goals should be to compute er(M) explicitly for some standard 

manifolds M. This is unfortunately a problem out of range even for what could be 

considered the simplest examples. For example, the value of the Yamabe invariant is 

not known for quotients of spheres except for RP 3 (and the spheres themselves) , for 

products of spheres of dimension at least 2 and for hyperbolic spaces of dimension 

at least 4. 

One also could ask for general bounds for er(M). The fundamental one is due to 
Aubin, 

o-(M) < cr(S n ) = /i(§") = n(n - \)u?J n . 

Here § n is the standard sphere in M n+1 , and its volume is denoted by uj n . 
Unfortunately, in dimension n > 5, not much more is known. Even the basic 
question whether there exists a compact manifold M of dimension n > 5 satisfying 
a{M) ^ and a(M) ^- o-(S n ) is still open. It would also be interesting to see 
whether the set 

<-> n (0) := {a(M) | M is a compact connected manifold of dimension n} 

is finite or countably infinite, and whether S n (0) is dense in (— oo, o~(S n )]. Much 
more is known now about 

S,i(i) {a(M) | M is a compact i-connccted manifold of dimension n} 
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for i > 1, as we will see below. 

A useful tool for understanding the Yamabe invariant is to study its change under 
surgery type modifications of the manifold. The main results obtained this way are 
the following. 

• In 1979, Gromov-Lawson and Schoen-Yau independently proved that the 
positivity of a(M) is preserved under surgery of dimension k < n — 3. 
One important corollary is that any compact simply connected non-spin 
manifold of dimension n > 5 admits a positive scalar curvature metric. To- 
gether with results by Stephan Stolz (1992) this implies «S„(1) C (0,a(S n )} 
for n = 3, 5, 6, 7 modulo 8, n > 5. 

• In 1987, Kobayashi proved that O-dimcnsional surgeries do not decrease 
a(M). 

• In 2000, Petean and Yun proved that if N is obtained by a fc-dimensional 
surgery (k < n — 3) from M then a(N) > min(0, a(M)). This implies in 
particular that if M is simply connected and has dimension n > 5 then 
ct(M) > 0. In other words <S„(1) C [0,a(S n )] for all n > 5. 

In [J] we proved a generalization of these three results. 

Theorem 1.2 ([4], Corollary 1.4). If N is obtained from a compact n- dimensional 
manifold M by a k- dimensional surgery, k < n — 3, then 

a(N) > min(A n , fe , a(M)) 

where A ra> fe > depends only on n and k. In addition, A„.o = o~(S n ). 

As a corollary we see that is not an accumulation point of <S n (l), n > 5, in other 
words we find that for any simply connected compact manifold M of dimension 

n > 5 

• er(M) = if M is spin and if its index in KO n does not vanish, 

• er(M) > a n , otherwise, where a n > depends only on n. 

Many other consequences can be deduced, see [H Section 1.4], but one could find 
these results unsatisfactory, since the constant A n k were not computed in [3] unless 
for k — 0. This effect was then reflected in the applications. For example, no explicit 
positive lower bound for the constant a n above was known. The results in j3] and [2] 
yield explicit positive lower bounds for in the cases 2 < k < n — 4. In order 
to apply standard surgery techniques, it would be helpful to have lower bounds in 
the cases k = 1 and k = n — 3. 

The method established in the present article yields explicit positive lower bounds 
for all cases k = 1 < n — 4 and in the cases (n,k) = (6,3), (n, k) = (5,2) and 
(n, k) = (4, 1). However it requires as input data a lower bound on the conformal 
Yamabe constant /i(M fc+1 x § n_fc_1 ). Such input data is provided in [T7] and [TS] 
in the cases (n, k) <G {(4, 1), (5, 1), (5, 2), (9, 1), (10, 1)}. Unfortunately their method 
has to be strongly modified for each pair of dimensions, and as a courtesy to us, 
Petean and Ruiz provided the above cases, as these are the ones which will lead to 
interesting applications in Section [5] 

We obtain in Corollary 15 .31 that <Ss(l) C (45.1, a(S 5 )], in other words: any compact 
simply connected manifold of dimension 5 satisfies 

45.1 < a(M) < ^(S 5 ) < 79. 

In the same way, Corollary Ol savs that <S 6 (1) C (49.9, cr(S 6 )}. 
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In dimensions n > 7 an unsolved problem persists for surgeries of codimension 3, 
i.e. for n = k — 3, see [2] for details about this problem. 

This problem can be avoided by restricting to 2-connected manifolds. Together with 
results from [2] we obtain an explicit positive number t n such that any compact n- 
dimensional 2-connected manifold M with vanishing index, n^4. satisfies <j{M) > 
t n , see Table [2] and Proposition O We thus see 5„(2) C {0} U [t n ,a(S n )] for all 
n ^ 4. 

Acknowledgments. Wc thank Jimmy Pctean, Miguel Ruiz, and Tobias Weth for 
helpful comments. Much work on this article was done during a visit of Bernd 
Ammann and Mattias Dahl to the Max Planck Institute for Gravitational Physics 
(Albert Einstein Institute), Golm. We thank the institute for its hospitality. Em- 
manuel Humbert was partially supported by ANR-10-BLAN 0105. 

2. Preliminaries 

2.1. Notation and model spaces. We denote the standard flat metric on W" by 
£ v . On the sphere S w C M. w+1 the standard round metric is denoted by p w . The 
volume of (S w , p w ) is 

_ 2tt( u, + 1 )/ 2 

w - = p («£±i) ' 

Let W c be the u-dimensional complete 1-connectcd Ricmannian manifold with sec- 
tional curvature — c 2 . The Riemannian metric on W° c is denoted by if c . We fix a 
point xq in H". 

Next, we define the model spaces M c through M c := HJ! x S w , which has the 
Riemannian metric G c := rf c + p w . Note that in our previous articles [4j[3] we used 
the notation M^™-"- 1 for M c . Set n := v + w. 

Let (N, h) be a Riemannian manifold of dimension n. Let A' 1 denote the non- 
negative Laplacian on (N,h). For i = 1,2 we let fiW (TV, h) be the set of non- 
negative C 2 functions u solving the Yamabe equation 

a n A h u + s h u = puP"- 1 (1) 

for some fj, = n{u) € R and satisfying 
• 0, 



u e i°°(iV), 



and 



or 



u e i 2 (^V), for i = 1, 



• M(«)ll«|liSo(^) ^ ( " 8(n-2) n ^ ' fOT * = 2 - 

For i = 1 , 2 we set 

p( l) (N,h):= inf 

•uGf2< i )(A r ^) 

In particular, if Q( l \N, h) is empty then p,^{N, h) = oo. 

Finally, the constants in the surgery theorem are defined as follows. For integers 
n > 3 and < k < n — 3 set 

A r ( ; } fc := inf m W (M c ) 
ce[o,i] 
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and 

A„, fc :=min{A«,Ai 2) fe }. 
where v = k + 1 and w = n — k — 1 . 

2.2. Strategy of proof. The strategy we have used to find lower bounds of A„ ^ 
is the following. 

• First prove that A^fl > A^L This was the main result in [5] which holds 
in the cases k < n — 4 and n = k + 3 € {4, 5}. For n = 6, fc = 3, the results 
in P] do not apply directly and just allow to prove that 

inf u (2) (M c ) > Ai 1 !. 
ce[o,i) 6,3 

The case c = 1 is treated separately: we exploit the fact that Mi is con- 
formally equivalent to the standard sphere S 6 \ S 3 with a totally geodesic 
3-sphere removed to show that //' 2 '(Mi) > /i(§ 6 ) > Ag 1 ^. We obtain again 

that A 6 2 g > Ag 1 ] (see Appendix [B]). It remains open whether the same holds 
for n ='k + 3 > 7. 

• Find lower bounds for A.^ k . For this purpose, we show that /i^ 1 ) (M c ) 
can be estimated by the conformal Yamabe constant of the non-compact 
manifold M c , see Section 12.31 We are reduced to find a lower bound for 
conformal Yamabe constant of the product manifold M c . As mentioned 
before, there exists results in this direction; our paper [3] gives such a 
bound if v > 3 and w > 3. Also, the work of Petean and Ruiz apply if 
w = 1. In this paper, we develop a method which completes the remaining 
cases. 

The technical aspects of the argument in the present paper involve symmetriza- 
tion and stretching maps to relate the the conformal Yamabe constants of M c for 
different values of c. This is done in Section [3] 

Remark 2.1. Our methods also apply to find explicit lower bounds for the conformal 
Yamabe constant of H" x (W, h), where (W, h) is any compact Riemannian manifold, 
i.e. if we replace the round sphere by (W, h). The case (W, h) = E> w is the only case 
for which we see applications, so for simplicity of presentation we restricted to this 
case. 

2.3. The generalized Yamabe functional of the model spaces. For u £ 

C°°(M C ), u ^ 0, we define the generalized Yamabe functional 

Jm c ( a n\du\ 2 + bu 2 ) dv 



Kin) 



Clearly F b c {u) > 7*' (u) if b > V and F b c {u) > ±K'{u) if < b < V . 

The scalar curvature of M c is s c := s Gc = w(w — 1) — c 2 v(v — 1). The conformal 

Yamabe constant /i c of M c satisfies 

(j, c :=/i(M c ) = inf T s c "{u), 

where the infimum is taken over all smooth functions u of compact support which 
do not vanish identically. 

If u is a solution of (fTJ) as in the definition of fi^^Mc), then u is L 2 by assumption 
and thus also in the Sobolcv space H > 2 . An integration by parts J uAudv = 



(i 
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J \ du\ 2 dv may then be performed in the integral defining F^(u) 1 and we conclude 
that 

M (1) (M C ) >Mc 

Using A„ j. > A n x \ and the definition of A n x \ this implies positive lower bounds for 
A n .k for certain pairs (n,k), see Table [TJ 

2.4. Symmetrization. The group Staba; (Isom(H^)) of isometrics of M" fixing 
xq £ H£ is isomorphic to 0(v) and we will fix such an isomorphism to identify 
Staba; (Isom(H^)) with 0(v). A function on H" is 0(i;)-invariant if and only if 
it depends only on the distance d(-,Xo) to the point xq. A function on M c is 
0(w)-invariant if and only if it depends only on d(-,xo) and the point in S™. 

Lemma 2.2. For each c <G [0, 1] 

Hc = m£J*>(f) 

where the infimum is taken over all 0(v) -invariant functions on M c which do not 
vanish identically. 

Proof. The proof uses standard arguments and we just give a sketch. We must show 
that for any non-negative compactly supported smooth function u : M c — > K there 
is a 0(v )-invariant non-negative compactly supported smooth function u : M c — > K 
satisfying F* c (u) < F* c (u). If tp is a non- negative function on W%, there is a non- 
negative 0(w)-invariant function ip* defined on the same space called the hyperbolic 
rearrangement of ip, see [7]. This has the properties that for p > 1 

IIvIl^h-) = \\ 1 p\\lp(m-), (2a) 
II - <P2\\lp(M«) < || Vi - <P2\\lpQS«), (2b) 
IMv3*||iP(H«) < \\d<p\\ L p(uv), (2c) 
see pj Section 4, Corollaries 1 and 3]. 

Let u be a non-negative function on M c . We set u(-,y) := (u(-,y))*. From (|2"a|) 
and J2c]) we have ||u||lp»(m c ) = IMIl<mm c ) ^ nd ll rf H^M|| i 2 (Me) < ||d H ,u|| L 2 (Mc) . Let 
7 : (—£,e) — > 5"" be a curve. We apply ([2b|) with = u ('il(t))i ¥>2 = u ('j7(0)), 
divide by |t|, and let i tend to 0. From this we conclude 

IMs»w(7 / (0))|| L 2 (H „ x{7(0)}) < ||ds««(7'(0))IU"(Hsx{7(o)}) 

and ||rfs™'u||L2( Mc ) < ||fis™w|| £/ 2( Mc - ) . It follows that ^"(u) < ^c"{ u ) which ends 
the proof of Lemma 12.21 □ 

3. Comparing J 7 * to J 7 ^' 

We want to estimate T\ from below in terms of T\ and J 7 ^ 1 for h\ as large as 
possible. 

3.1. Comparing T h c to J 7 ^. For c ^ define sh c (t) := c -1 sinh.(ci). In polar 
coordinates we have 

H U = W = ((0, oo) x S"-\dt 2 + tV" 1 ), 

and 

W c = ((0,oo) x 5 w - 1 ,^ 2 + sh c (t)V" 1 )- 
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Lemma 3.1. For c > there is a unique diffeomorphism f c : [0, oo) — > [0, oo) for 
which the map F c : R 11 — > M" c defined in polar coordinates as 

F c :(t,6)^(f c (t),6). 

is volume preserving. Further f' c (t) < 1 for all < t < oo. 

The map F c squeezes the radial coordinate, so we will call F c the radial squeezing 
map from R v to W c . 

Proof. The function 

<Po(r):= ^-^-vol(^(r))) ' = (v &J$?- X d?j ' 

is a smooth function [0,oo) — ^ [0,oo). Since (p' c (0) = 1, </? c (?*) > for r > 0, and 
lim,.^ co tp c (r) = vo\(W") = oo it is a diffeomorphism. We set f c := tp^ 1 . Let B (r) 
be the ball of radius r around in W . Since F c is assumed to be volume preserving 
we have 

vol R > (r))=vol H "(F c (F (r))), 

or 

-^ir u = u,,-! / shcft)" -1 (ft. (3) 
v Jo 

Differentiating ([3]) we get 

r»-^(r)sh c (/ c (r)r- 1 . 
From ([3]) together with sh c (t) = cosh(ct) > 1 we find 

ushc^)"- 1 ^ 

/c(r) -| 

sh c (t) 

rMr) 

< I (sK(ty)'dt 



= BK(f(r)Y, 

so r < sh c (/ c (r)) and we conclude that f' c {r) < 1. □ 

We extend the radial squeezing map to a volume preserving map F c : Mo — > M c by 
setting 

F c := F c x Ids« il'xS™-) H" x S 1 ". 
Proposition 3.2. For 0(v) -invariant functions u : M c — > R we /iai>e 

j- c & H> j- b ( W oi? c ). 

Proof. The differential d(uoF c ) decomposes orthogonally in a R^-component d^ (wo 
Fc) and a § lu -component rig™ (it o F c ). Similarly, du splits orthogonally in a He- 
component c?e^ u an d a S^-component d§™u. Then cZri>(u o F c ) = djj^w o dF c and 
d§™ (it o F c ) = (igmM o dF c = dgwu. Thus 

|dR«(uoF c )| = \da°u o dF c \ = \dm-»u\f'(i) < |dn»u| 
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and 

\d§w(u o F c )\ = \d$wu\. 
It follows that \d(uo F c )\ < \du\. Further the volume form is preserved by the map 
F c and the Proposition follows. □ 

Corollary 3.3. If s c > then fi c > f^o- 

This corollary gives good estimates if c is sufficiently small, as then s c > 0. However 
in case v > w the corollary can no longer be applied for c close to 1. 

3.2. Comparing T h c to T] 1 . For c > we define a diffeomorphism R c : W" — > W[ 
by R c (t, 8) = (ct, 9). The map R c is a c-homothety in the sense that the Riemannian 
metric of H" is rf c = c~ 2 R* c r\\ where r\\ is the Riemannian metric of H^. Taking the 
product with the identity map on the round sphere we obtain a map R c : M c — ¥ Mi . 
The metric G c on M c is then given by G c = R^c' 2 ^ + p w ). 
The following Proposition is an extension of [4j Lemma 3.7]. 

Proposition 3.4. 7/ c G (0, 1), then Ff Sl (u o R c ) > <? w l n F s ^ (u) for all functions 
u G C c °°(Mi). 

Proof. We have 

\d(uoR c )\ 2 Gc = \R* c (du)\ 2 Gc 
= \du\ 2 c -2 n v +pW 
= c 2 \dwvu\ 2 v + \ds^u\ 2 pm 

> c 2 (|dHs«|^ + |<fe"»u|2«) 
= c 2 |d<. 

In addition, dv Gc = c~ v R*dv 91 . From this we find that 

/ (a n \d(uoR c )\ 2 G +c 2 Sl (uoR c ) 2 ) dv G < 
F c c S1 (u o R c ) = ^-L 

/ Mi (a n c 2 \du\ 2 gi + c 2 Sl u 2 ) c~ v dv^ 

— 2 

(/r-xS- n^c'-dv^) Pn 

which is the statement of the Proposition. □ 
To apply the proposition, note that 

s c = w(w — 1) — c 2 v(v — 1) > c 2 (w(w — 1) — v(v — 1)) = c 2 s\. 
This implies 

F s c '{uoR c ) > F( Sl (u). 
By taking the infimum over all non- vanishing smooth functions u G (Mi ) with 
compact support we obtain the following. 

Corollary 3.5. For c G (0, 1) we have 

/x c >c 2 ™/>i- 
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This estimate gives uniform estimates fur [i c if c is bounded away from 0. Because 
of fix = /i(S n ) we obtain explicit bounds in any dimension. However these bounds 
tend to as c — > 0. 



4. Conclusions 

4.1. Interpolation of the previous inequalities. We now improve the bounds 
obtained in Corollaries 13.31 and 13.51 by combining Propositions 13.21 and 13.41 in an 
interpolation argument. 

Theorem 4.1. For all c <S (0, 1) we have 

„ > (to c 2 v(v - 1) //io _ 2w /n\\ „ m 

Mc "Ui (1 - c2)w(w - 1) + - 1) Ui // 

and 

Mc>c 2w /"mi- (5) 

As discussed in Appendix 13 Inequality Q is stronger than Inequality ([5]) for 
c 2w/n < ^ anc i Inequality ([5]) is stronger for c 2lu /™ > /Lto//Ui. 

Proof. Inequality <j5j) is the statement of Corollary 13.51 Assume that A > and 
t > satisfy 

A + t<1, (6) 
Ac 2 si + tso < s c . (7) 

Then we get 

^ («) > XFf 81 (« o i?- 1 ) + r ^ (« o F c ) 

> Ac 2 ™/" (u o R- 1 ) + r J- S0 (tt o F c ) (8) 

> Ac^Vr+r/xo, 

where we used Proposition 13.41 for the second inequality. It follows that 

H c >\c 2w ' n iii+T^. (9) 
The lines described by A + t = 1 and Ac 2 si + tsq = s c intersect in (Ao, To) where 

v(v — 1) 
(c~ 2 — l)w(w — 1) + v(v — 1) 

see Appendix [A] Setting A := Ao and t := tq in © yields Inequality □ 



Ao = TT7T777. TT , T\ e (°> T = 1 - A , (10) 



The estimates obtained by the theorem rely on explicit lower bounds for [1q. Such 
lower bounds can be found in the literature in the following cases. 

(i) v = 1, w > 2. Then fi n = j«i = fx c = /ti(S") for all c € (0, 1). This case is 
trivial asRxS 1 " is conformal to a round sphere of dimension n = w + 1 
with two points removed. 

(ii) (v,w) G {(2, 2), (2, 3), (2, 7), (2, 8), (3, 2)}. In these cases bounds have been 
derived in [T7l [18] using isoperimetric profiles. 

(iii) v > 3 and w > 3. See [3] where an explicit lower bound of the Yamabe 
functional of M? x S w in terms of the Yamabe functionals of M? and S w is 
used. 
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(iv) v > 4 and w = 2. This case is not explicitly written in [3] but can be 
deduced from the main result of that paper. We just observe that this 
result implies that 

^ > ~ , 3 „ ^ -^rM(M"- 3 )^M(K x S 2 )* 

(3a 3 )~ ((n - 6)a n -3) " 

where a k := for k > 3. Next, note that ^(R n ~ 3 ) = ^(S"" 3 ) and 

since 1 x § 2 is conformally equivalent to § 3 with two points removed we 
have x S 2 ) = /i(S 3 ). Hence, we get 

« > ... n !" .^ m(s- 3 )^m(s 3 )^ 

24™((n-3)a„_ 3 ) — 
In the case (v, w) = (4, 2) this leads to 

Aio > 0.56885^1 > 54.77. (11) 

A similar argument also yields lower bounds for fj,Q in the cases v — 2 > 
w > 3. These bounds on /iq are slightly stronger than the ones in (|mj) . 
The estimate is optimal in Case (P. In this case nothing remains to be proven, and 
we will not discuss it further. In Cases (jnj) and (pU|) the bound is not likely to be 
optimal. Any improvement of the lower bound for /io would improve the bounds 
obtained in Theorem 14.11 In (3] a lower bound on fi c is derived which is uniform 
in c. Thus Theorem 14.11 does not currently yield improved estimates in Case (pU|) . 
However, if a better lower bound for /i is available, it might be relevant as well, 
and will be also considered in the following. The most important applications thus 
come in Case (Jn|. 

4.2. Analytical Conclusions. We now want to derive concrete bounds on A^+^^-i 
for special values of v and w. 

Corollary 4.2. For all c £ [0, 1] and all v > 2 and w > 2 we obtain 



( v / v(v-l) + y/w(w - 1)J 

Proof. Using §4§ and the facts that fi\ > fio and c 2w l n > c 2 we deduce 

/ (1 - c 2 )c 2 v(v - 1) \ . . 

\ (1 — c/)w{w — 1) + c l v\v — 1) J 

for general values of v and w. The right hand side attains its minimum over c € [0, 1] 
for 



,.2 



C 



^w(iu - 1) 



^(■y — 1) + y/w(w - 1) 
from which (1121) follows. □ 



Example 4.3. u = 2, w = 3: In [T51 Theorem 1.4] Petean and Ruiz have obtained 
fi(M. 2 x S 3 ) > 0.75//(§ 5 ), that is fj, > 0.75/ii. Using JX2J we obtain 

/3 

> ^-^o > 0.649^! > 51.2 

Thus A 5 ,i > 51.2. 

Compare this value with /x(S 5 ) = 78.996... 
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(v,w) 


(n, k) 


Mo/Mi 


Analytic 


Numeric 


/ii =//(§") 


(2,2) 


(4,1) 


0.68 


38.9 


38.9 


61.56 


(2,3) 


(5,1) 


0.75 


51.2 


56.6 


79.00 


(2,7) 


(9,1) 


0.747 


106.9 


109.2 


147.87 


(2,8) 


(io,i) 


0.626 


100.6 


102.6 


165.02 


(3,2) 


(5,2) 


0.63 


29.7 


45.1 


79.00 


(4,2) 


(6,3) 


0.568 


36.4 


49.9 


96.30 



Table 1. Lower estimates for inf \x c = A„ : fc. The fourth column 
shows the analytic estimates from Corollary 14.21 and 14.61 The fifth 
column shows the numerical estimates from Subsection 14.31 The 
value for Mi is approximate, whereas the lower bounds arc rounded 
down. 



Example 4.4. v = 2, w = 7: In [TJ] Theorem 1.6] Petean and Ruiz have obtained 
m(K 2 x § 7 ) > 0.747^(§ 9 ), that is mo > 0.747/ii. Using (12]) we obtain 

u c > (l = 2 == ) w > 0.723ui > 106.9 

Thus A 9 ,i > 106.9 

Compare this value with w(S 9 ) = 147.87... 

Example 4.5. v = 2, w — 8: In |181 Theorem 1.6] Petean and Ruiz have obtained 
«(R 2 x § 8 ) > 0.626/i(S 10 ), that is u > 0.626ui. Using §TZ$ we obtain 



Li c > 1 = ==- u > 0.610ui > 100.69 

Thus Aio.i > 100.69. 

Compare this value with «(S 10 ) = 165.02... 

In the case v = w we find better estimates for the right hand side of (U]). 
Corollary 4.6. Assume v = w > 2 and Mo/Mi ^ 7 > 0- ^ erl 

Proof. Using d = w we obtain directly from (j4|): 

. / / Mo\ 1 . Mo\ / 3 2M0 . Mo\ . / 3 2 , \ 

H c > c — 7 H Mi = c - c 1 Mi > (c° - c 7 + 7) Mi 

VV Mi/ c Mi/ V Mi Mi/ 

for any 7 € (0, mo/mi]- On the interval [0, 1] the right hand side attains its minimum 
in c = I7. This yields the statement of the corollary. □ 

Example 4.7. For v = w = 2 Petean and Ruiz [17l Theorem 1.2] have derived the 
bound 7 = 0.68. This yields 

A 4 ,i > 0.63mi > 38.9. 
In the case v > w one can use c 2w ' n > c which improves inequality (TT3"|) to 

/ (1 - c)c 2 v(v - 1) \ 

Mc - V ~ (1 - c 2 )w(w - 1) + c 2 v{v - 1) J /i0 
which again yields better estimates for the right hand side of ((4]). 
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Obviously in the case (v, w) = (4, 2) the determination of the value c for which \i c 
is minimal, gives the equation 5c 3 + 3c = 2 which has as only real solution 



c = - v / 25 + fn/30 + ; 1 w 0.48108. 

+ 5V30 

Example 4.8. For (v, w) = (4,2) we have derived the bound 7 = 0.56885, see 
equation (fTTj) . This yields 

A 6 , 3 > 0.3788/ii > 36.4 
The explicit values deduced from the above corollaries are summarized in Table [T] 

4.3. Numerical Conclusions. Numerical computations yield better bounds. Such 
improved bounds are important for applications, especially for some particular val- 
ues, as for example the case v = 3, w = 2. 

Using the procedure "Minimize" from the "Optimization" package of the program 
Maple 13.0 we numerically minimized the right hand side of ((4]). The results of this 
calculation provided the bounds given in the column "Numeric" of Table [TJ 

Example 4.9. Assume v = 3 and w = 2. In [T51 Theorem 1.4] Petean and Ruiz have 
obtained /j,(K 3 x S 2 ) > 0.63/i(§ 5 ), that is /iq > 0.63^i. A numerical evaluation of 
flU yields 

inf a c > 0.571/xi > 45.1, 

ce[-i,i] 

and we conclude that A5.2 > 45.1. 

Example 4.10. Assume v = 2 and w = 7. In [18j Theorem 1.6] Petean and Ruiz have 
obtained /x(R 2 x § 7 ) > 0.747/i(§ 9 ), that is [i > 0.747/zi. A numerical evaluation 
of |@]) yields 

inf [i c > 0.739^1 > 109.2, 

cG[-l,l] 

and we conclude that Ag i > 109.2. 

Example 4.11. Assume v = 2 and w = 8. In [18j Theorem 1.6] Petean and Ruiz have 
obtained /j,(M. 2 x S 8 ) > 0.626/i(§ 10 ), that is [lo > 0.626/ii. A numerical evaluation 
of (gl) yields 

inf fi c > 0.622//1 > 102.6 

ce[-i,i] 

and we conclude that Aio,i > 102.6. 

Example 4.12. Assume v — 4 and w = 2. In (jlip we have seen that m(M 4 x S 2 ) > 
0.56885^(§ 6 ), that is yUo > 0. 56885^1. A numerical evaluation of dU yields 

inf u c > 0.51909/ii > 49.98 

ce[-i,i] 

and we conclude that Aio,i > 102.6. 

Similar bounds for other dimensions could also be obtained using the same method. 
We will see that the cases derived as examples above have interesting topological 
applications. 

4.4. Bibliographic remark. At the time when this article went into press, there 
was important progress connected to the Yamabe constant fi c = /Lt(M c ): Solutions 
of the Yamabe equation on M c which are constant on the sphere component, were 
studied systematically in [TO] . 
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5. Topological applications 

The lower bounds for A ni i, n G {4, 5, 9, 10}, and As^ and A6,3 lead to estimates of 
the Yamabe invariant for certain classes of manifolds. 

5.1. Applications of the lower bound for A5 2. The following two proposi- 
tions are standard consequences of the methods developed for the proof of the 
h-cobordism theorem. A proof for a similar statement can be found in |13[ Theo- 
rem IV. 4. 4, pages 299-300]. As we do not know of a reference for the formulations 
given here we include their proofs. 

Proposition 5.1. Let Mq and M\ be non-empty, compact, connected, and simply 
connected spin manifolds of dimension n > 5. Assume that Mq and Mi are spin 
bordant. Then one can obtain M\ from Mq by a sequence of surgeries of dimensions 
i where 2 < £ < n - 3. 

Proof. Let W be a spin bordism from Mo to M\. By surgeries in the interior we 
simplify W to be connected, simply connected, and have tzq,{W) = (one then 
says W is 2-connected). Then H t (W,Mj) = for % = 0, 1, 2. We apply [12j VIII 
Thm. 4.1] for k = 3 and m = n + 1. One obtains that there is a handle presentation 
of the bordism such that for any i < 3 and any i > n — 2 the number of i-handlcs 
is given by bi(W, Mq). Any i-handlc corresponds to a surgery of dimension i — 1. 
It remains to show that bi(W,Mo) = for i £ {0,l,2,n + l,n,n — 1}. This is 
trivial for i e {0, 1, 2}. By Poincare duality H n+1 ~ l {W, M ) is dual to H^W, Mi) 
which vanishes for i = 0,1,2. On the other hand the universal coefficient theorem 
tells us that the free parts of H x (W,Mq) and Hi(W, Mo) are isomorphic. Thus 
bi(W,Mo) which is by definition the rank of (the free part of) Hi(W, Mq) vanishes 
for i £ {n + 1, n, n — 1}. □ 

Proposition 5.2. Let Mq and Mi be non-empty compact connected and simply 
connected non-spin manifolds of dimension n > 5, and assume that these manifolds 
are oriented bordant. Then one can obtain M\ from Mq by a sequence of surgeries 
of dimensions £, 2 < £ < n — 3. 

Proof. The proof is similar to the proof in the spin case. However the bordism 
W cannot be simplified to n2(W) = 0, but only to tt2{W) = Z/2Z with surjective 
maps 7T2(Mj) — > tt 2 (W). This implies again that -ffj(W, Mj) = for % = 0, 1, 2, and 
j = 1,2. The proof continues exactly as in the spin case. □ 

Corollary 5.3. Let M be a compact simply connected manifold of dimension 5, 
then 

45.1 < ct(M) < m(§ 5 ) < 79. 
Proof. The upper bound for o~{M) is standard. 

To prove the lower bound we consider first the case when M is spin. As the 5- 
dimensional spin bordism group f2g pm is trivial, M is the boundary of a compact 
6-dimensional spin manifold. By removing a ball we obtain a spin bordism from 
S 5 to M. Using Proposition 15. II we see that M can be obtained by 2-dimcnsional 
surgeries from S 5 . As a consequence cr(M) > A5.2 > 45.1. 

Next we consider the case when M is not spin. The oriented bordism group 
f2f° is isomorphic to Z/2Z, and the Wu manifold SU(3)/SO(3) represents a non- 
trivial element in f2f . Thus M is either oriented bordant to the empty set or to 
SU(3)/SO(3). 
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We consider now the case that M is oriented bordant to SU(3)/SO(3). By Appen- 
dix Owe see that ct(SU(3)/SO(3)) > 64. Since SU(3)/SO(3) is not spin Propo- 
sition [52] implies that we can obtain M from SU(3)/SO(3) by a finite number of 
2-dimcnsional surgeries. Thus 

a(M) > min(A 5 , 2 ,o-(SU(3)/SO(3))) > 45.1. 

It remains to consider the case that M is oriented bordant to the empty set, or 
equivalently to S 5 . However, S 5 is spin and cannot be used to apply Proposi- 
tion O Instead we use the space SU(3)/SO(3)#SU(3)/SO(3) which is simply 
connected, non-spin and an oriented boundary. By Theorem 2] we know that 
cr(SU(3)/SO(3)#SU(3)/SO(3)) > <r(SU(3)/SO(3)). We apply Proposition O with 
Mo = SU(3)/SO(3)#SU(3)/SO(3) and Mi = M and thus we obtain M from M 
by a finite number of 2-dimcnsional surgeries. From this we find 

o-(M) > min(A 5j2 ,cr(SU(3)/SO(3))) > 45.1 

which concludes the proof of the corollary. □ 

Let us compare the lower bound 45.1 for simply connected 5-manifolds to the ex- 
pected values for the smooth Yamabe invariant on non-simply-connected spheri- 
cal space forms in dimension 5. Assume that M = S 5 /T where the finite group 
T C SO(6) acts freely on S 5 . It was conjectured by Schocn [THl Page 10, lines 6-11] 
that on such manifolds the suprcmum in the definition of the smooth Yamabe num- 
ber is attained by the standard conformal structure. If this is true, then <r(M.P 5 ) 
would be equal to 45.371 .... Except S 5 and MP 5 all 5-dimensional space forms 
would have a- invariant below 45.1. 

5.2. Applications of the lower bound for Ae 3. 

Corollary 5.4. Let M be a compact simply connected manifold of dimension 6, 
then 

49.9 < cr(M) < ^(§ 6 ) < 96.30. 

Proof. The proof of this corollary is a straightforward adaptation of the proof of 
previous corollary, using the fact that both the spin bordism group and the oriented 
bordism group are trivial in dimension 6. We obtain 

o-(M) > min(A 6j 2,A 6 ,3) > 49.9. 

□ 

5.3. Applications of the lower bound for Ag.i and Aio.i to spin manifolds. 

For a compact spin manifold M of dimension n the alpha-genus a(M) G KO n is 
equal to the index of the Clifford-linear Dirac operator on M. It depends only on 
the spin bordism class of M. 

Lemma 5.5. Let M be a compact 2-connected spin manifold of dimension n € 
{9, 10} which has a(M) = 0. Then M is obtained from S 9 or HP 2 x S 1 (for n = 9) 
or from S 10 or HP 2 x S 1 x S 1 (for n = 10) by a sequence of surgeries of dimensions 
k G {0, 1, . . . ,n — 4}. All these surgeries are compatible with orientation and spin 
structure. 
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Note that S 1 carries two spin structure. One spin structure is obtained from the 
spin structure on D 2 by restriction to the boundary S 1 = 3D 2 , and it is called the 
bounding spin structure. In the above lemma we assume that all manifolds S 1 are 
equipped with the other spin structure, the non-bounding spin structure. 

Proof. From the description of the Spin bordism group in [5] and [B] we know that 
M is spin bordant to P = or to P = MP 2 x S 1 (if n = 9) and M is spin bordant 
to P = or to P = MP 2 x S 1 x S 1 (if n = 10). 

Now let W be a spin bordism from P to M. By performing surgeries of dimension 0, 
1, 2, and 3 one can find a spin bordism W 1 from P to M which is 3-connected, that 
is W is connected and m(W) = n 2 (W) = w 3 (W) = 0. The inclusion i : M -> W 
is thus 3-connected, that is bijective on Tti for i < 2 and surjective on 773. This 
implies that W can be decomposed into handles each of which corresponds to a 
surgery of dimension < n — 4. □ 

The following corollary extends similar results from [2] which hold in dimension 
n = 7, n = 8 and n > 11. We define si := a(WP 2 x S 1 ) and s 2 := cr(HP 2 xS'x S 1 ). 

Corollary 5.6. Let M be a 2-connected compact spin manifold of dimension n = 9 
or n = 10 with a(M) = 0. Then 



a(M) > 



min{A 9i i,A9,2,A 9 ,3, A 9i4 , A 9i5 ,si} > 109.2 forn = 9, 

^min{Ai ,i, Aio,2, Ai ,3, Ai ,4, Ai ,5, Aio, 6 ,S2} > 97.3 for n = 10. 
Proof. Lemma 15.51 implies 

<t(M) > min{A 9i i, A 9j2 , A 9:3 , A M , A 9;5 , s x } 

if n = 9 and 

cr(M) > min{Ai ,i, Ai ,2, Ai ,3, Aio, 4 , Aio.s, Ai ,6, ^2} 

if n = 10. The relations A 9i i > 109.2 and Ai ,i > 102.6 follow from Examples 14.101 
and 14. Ill The relations 

min{A 9 ,2, A 9i3 ,A 9 ,4, A 9j5 } > 109.4 > 109.2 

and 

mm{Aio,2,Aio,3,Aio,4,Aio, 5) Aio,6} > 126.4 > 102.6 

follow from the product formula, see (3j Corollary 3.3]. From [TJ Theorem 1.1] it 
follows that Sfc > /i(HP 2 x ]R fe ). To estimate Si for n — 9 we apply results of [IB] . 
The quantities V and V% in that paper satisfy 

(^) 2/9 = 0.9370..., 

see Appendix [DJ Thus, [TBI Theorem 1.2] tells us that 

si > m(HP 2 x R) > 0.9370 y u(§ 9 ) = 138.57... > 109.2. 

An estimate for S2 when n = 10 is provided by [HI Example after Theorem 1.7], 
namely 



s 2 > /i(HP 2 x K 2 ) > 0.59/i(§ 10 ) > 97.3 < A 



10,1- 

□ 
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n — 


3 


4 


5 


6 


7 


8 


9 


10 


11 


a(M) > t n = 


43.8 


? 


78.9 


87.6 


74.5 


92.2 


109.2 


97.3 


135.9 


a(S n ) = 


43.8 


61.5 


78.9 


96.2 


113.5 


130.7 


147.8 


165.0 


182.1 



Table 2. Lower estimates for the smooth Yamabe invariant of 
2-connected manifolds with vanishing index. Values of cr(S'"), 
rounded down, for comparison 



In the case that a(M) ^ for 2-connected M it was shown in (T5J Theorem 1] that 
<t{M) = 0. 

In dimensions n < 6, n =^ 4, there are only a few 2-connected compact manifolds, 
namely S 3 , S 5 , S 6 , and connected sums of S 3 x S 3 , all with their standard smooth 
structures. The conformal Yamabe constant for the product metric on S 3 x S 3 , 

p(S 3 x S 3 ,p 3 + p 3 ) = 12(2tt 2 ) 2/3 = 87.64646..., 

follows from Obata's theorem P31 Proposition 6.2]. Using Theorem C or more 
precisely the third conclusion in the following unnumbered corollary of [5] we find 

a(S 3 x S 3 ) > 12(2tt 2 ) 2/3 = 87.64646... 

In all dimensions ^ 4 we thus obtain lower bounds for the smooth Yamabe invari- 
ant. In dimensions n — 7, n = 8, and n > 11 an explicit lower bound for the smooth 
Yamabe invariant of 2-connected compact manifolds with vanishing index was ob- 
tained in Corollaries 6.6, 6.7 and Proposition 6.9 of [21 Corollary 6.6]. Summarizing 
we have the following proposition. 

Proposition 5.7. Let M is a 2-connected compact manifold of dimension n^4. 
If a(M) ^ 0, then cr(M) = 0. If a{M) = 7 then a{M) > t n , where t n is an explicit 
positive number only depending on n. 

Some values of t n are collected in Tabled 

The situation for n = 4 is still unclear as it is unknown whether exotic 4-spheres, 
i.e. manifolds homeomorphic but not diffeomorphic to S 4 , do exist. The smooth 
Poincare conjecture in dimension 4 claims that exotic 4-spheres do not exist. This 
would imply that S 4 is the only 2-connected 4-manifold and thus t± ~ cr(S' 4 ). 

Appendix A. Optimal values of A and t 

We now optimize A and r for the inequality © . We define the convex polygon P c 
of admissible pairs (A, r) as 

P c := {(A,r) | satisfying ©, ©, A > 0, r > 0}. 

For A = 1, r = 0, one has Ac 2 si + ts < s c so (1,0) is a corner of P c . Similarly 
one sees that (0, 1) is never a corner of P c unless c = 0. Because of c 2 si/so < 1, 
the equations A + t = 1 and Ac 2 si + tsq = s c have a common solution (Ao, To) with 
A S (0,1) for ce (0,1). From 

2w/n ^.2 
C Ml > c 2w/n > C S l 

one easily sees that the optimal estimate is obtained in the point (1,0) for c 2w l n > 
Mq/mii and in the point (Aq,t ) for c 2w ^ n < po/t^i- 
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Next we compute Ao- 

-\ c 2 v(v - 1) + X Q c 2 w(w - 1) + (1 - X )w(w - 1) < -c 2 v(v - 1) 

Factoring out, removing w(w — 1) on both sides, then dividing by Xoc 2 w(w — 1) one 
obtains the equivalent equation 

v(v — 1) | 1 ^ 1 v(v — 1) 



w(w — 1) c 2 Ao — 1 

which is further equivalent to 



i-iWi- ^'tr-V 



,2 



Ao / w(w — 1) 



This yields (10 



Appendix B. The constant A 6j 3 

All explicitly known positive lower bounds for A„.fc are obtained in the following 
way: at first, we show that > A^ 1 ]. and then, we apply Theorem 14.11 or the 
estimates obtained in [3J. Recall that by definition A nj fc = min(A^,A^). For 

< k < n - 2 or (n,fc) e {(4, 1), (5, 2)}, the inequality A^ > A^ is a direct 
consequence of the main result in [2]. For (n, fc) = (6, 3), this result docs not apply 
directly, but a modified version which will be presented in this appendix still allows 
to conclude K {2 \ > A^l. 

Proposition B.l. We have Ag 2 ] > Ag 1 ] and hence Ag.3 = Ag 1 ]. 
Proof. The main result in [5] implies that 

inf /i (2) (M c )>A^ 

ce[0,l) ' 

and as a consequence, Ag 2 ] > min(A 6 1 ], /j' 2 '(Mi)). We now estimate /j' 2 ' (Mi). If 
we spell out the definition of fj,^ (Mi ) recalled in Section |2~T1 and using a$ = 5, 
and P5 = 3, we see that /i' 2 '(Mi) is the infimum of all fj, £ R for which there is a 
solution of 

5A Gl u + s Gl u = fiu 2 (14) 

satisfying 

• u ^ 0, 

• II"IIl3(Mi) < i) 

• we L°°(Mi), 

• a i ( u )II w IIl~(m 1 ) > ^- 

We prove in [3] that there is a conformal diffeomorphism 9 : § 6 \ S 3 — > Mi where § 3 
denotes a totally geodesic 3-sphere in the standard sphere § 6 . Let / e C°°(§ 6 \§ 3 ), 
/ > 0, be the conformal factor of 0, i.e. 0*Gi = fp 6 . We define v := f&*u. By 
conformal covariance of the Yamabe operator and since the scalar curvature of § 6 
is 30, we get from (fT4]) that the function v is a solution of 

5A p6 w + 30u = pv 2 (15) 
on § 6 \ § 3 . Moreover, one checks that 

IMIl3(s 6 \s 3 ) = IM|l3( Mi ) 



18 



BER.ND AMMANN, MATTIAS DAHL, AND EMMANUEL HUMBERT 



and hence, v £ L 3 (§ 6 ) and 

ll«IU»(s») < 1- (16) 

We now use a standard argument to show that the function v can be extended 
to a smooth solution of equation (| 15[) on all S 6 . In other words, we remove the 
singularity at § 3 . Let us choose a smooth function ip onS 6 . We are going to show 
that 



v(Lip) — /iv 2 ipdv = (17) 

S 6 

where, to simplify notations, we set L := 5A Pe + 30 and where dv := dv p6 . 
For all a > 0, let us denote by W a the set of points of S 6 whose distance to the 
removed S 3 is smaller than a. For this goal, consider for e £ (0, i) a cut-off function 
rj £ such that 

(i) < V e < 1; 

(ii) r le (S 6 \W 2e ) = {Q}; 
(hi) »fc(W e ) = {l}; 

(iv) |Vt7 £ | < 2/e. 

(v) |V 2 % | < c/e 2 . 

We then write, for e > small 



v(Lip) dv = vL(r\ e Lp + (1 — rj £ )ip) dv. (18) 
s 6 Js 6 

Since v satisfies Equation [T5] and since the function 1 — rj E is compactly supported 
in § 6 \§ 3 , we have 



vL((l - r) e )<p) dv = / (Lv)(l - r} e )(p) dv 
/iu 2 (l - %)</?) du. 

so 

Since 1 — ?y e is bounded and tends to 1 almost everywhere, Lebesgue's theorem 
implies 



lim vL{{\ — rj E )(p) dv = / fj,v ipdv. (19) 



S 6 



Now, we use the fact that there exists some C > independent of e, but depending 
on ip, such that 

where \e is the characteristic function of the set Wi e \ W e . 
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Then, using Holder inequality and the fact that r\ e is compactly supported in W^e 
and bounded by 1 on this set, 

/ vL(rj e ip) dv < C ( ~j [ vdv+ j vn e dvj 
J SB \ e Jw 2e -'s 6 / 

^ C (J2 (/ v3dv ^ 1 vol(W^ 2e ) 2 / 3 + (^J v 3 di^j ' vo\(W 2e ) 2/3 

1 /3 

<c\( I v 3 dv) vol(^ 26 ) 2/3 . 
£ \JW2e J 

Since Wie is a 2e-neighborhood of S 3 , vol(W2e) < Ce 3 . Moreover, since v <G L 3 (§ 6 ), 

lim / v 3 dv = 0. 

We then obtain that 

lim / vL(rj e (p) dv = 0. 

e^0J s6 

Together with (fT9|) and (|18[) . we obtain (fl7|) which means that in the sense of 
distributions, equation (fT5j) is satisfied on all of § 6 . By standard elliptic theory, 
v is C 2 (and even smooth outside its zero set). Using v as a test function in the 
Yamabe function of S 6 , we get from (fT5j) and (|T^1) that /i > m(^ 6 ) > which 
ends the proof. □ 



Appendix C. The Wu manifold SU(3)/SO(3) 
We equip SU(3) with the bi-invariant metric such that the matrix 

/0 -1 0\ 

1 e su(3) 
\0 0/ 

has length 1. Then (SU(3), SO(3)) is a symmetric pair, and the associated involu- 
tion of su(3) is complex conjugation. Let M be SU(3)/SO(3) equipped with the 
quotient metric g. The manifold M is oricntable, but not spin. Complex conjuga- 
tion of SU(3) induces an orientation reversing isometry of M. Thus Mil M is (up 
to orientation-preserving diffcomorphisms) the oriented boundary of M x [0,1]. It 
follows that M#M is an oriented boundary as well. 

An elementary calculation on the Lie algebra level shows that g is an Einstein 
metric, Ric 9 = 6g. Obata's theorem QTj Proposition 6.2] then tells us that 
n(M,g) = 30vol(M,5) 2 /™. The volume vol(M,g) is calculated in [5], and we con- 
clude the following Lemma. 

Lemma C.l. The conformal Yamabe constant of SU(3)/SO(3) is 



/*(SU(3)/SO(3),s) = 30- 




= 64.252401... 
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Appendix D. Quaternionic projective spaces HP" 

Let g n be the metric on HP™ such that the Hopf map § 4n+3 -> HP™ is a Ricmannian 
submersion. With O'Neill's formula one easily calculates that the scalar curvature 
of g n is s 9 " = 4n(4n + 8), and the volume is vol(HP™, g n ) = W4 n +3/ w 3- 
As a consequence 

s Sn ^ An(An + 8) 
9n ■- ^g n = 4n(4n „ 1} 5n 

An, 

is a metric whose scalar curvature is equal to 4n(4n — 1) = s p . Its volume is 

\r M-avyn ~ \ / 4n + 8 \ 2 " cj 4 „ +3 

V 4n := vol(HP™,5„) = . 

\4n-lJ uj 3 

In the special case n = 2 this yields V$ = 2 13 tt 4 / (7 4 -5-3) where we used uu = 7r 6 /60 
andw 3 = 2tt 2 . Using w 8 = 32tt 4 / (7-5-3) we obtain V 8 /oj a = 2 8 /7 3 = 0.74635569.... 
These numbers play a crucial role for the lower bounds of /i(HP 2 x K) and /j,(MP 2 x 
M 2 ). 
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